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Abstract. Let n : X — > Y be a factor map, where (X, ax) and (Y,ay) are subshifts 
over finite alphabets. Assume that X satisfies weak specification. Let a = (01,02) G R 2 
with a\ > and a-z > 0. Let / be a continuous function on X with sufficient regularity 
(Holder continuity, for instance). We show that there is a unique shift invariant measure 
jionl that maximizes fi(f) + aih l _ l (ax) + a-Jn^^-i (°V )• In particular, taking / = 
we see that there is a unique invariant measure /i on X that maximizes the weighted 
entropy ai/i M (o"x) + a2h flon -i (cry). This answers an open question raised by Gatzouras 
and Peres in [14] . An extension is also given to high dimensional cases. As an application, 
we show the uniqueness of invariant measures with full Hausdorff dimension for certain 
affine invariant sets on the fc-torus under a diagonal endomorphism. 



1. Introduction 

Let k > 2 be an integer. Assume that (Xi,ax t ), i = l,...,k, are one-sided (or two- 
sided) subshifts over finite alphabets. Furthermore assume that Xj+i is a factor of Xi with 
a factor map 7Tj : Xi —* Xi + \ for i = 1, . . . , k — 1. For convenience, we use 7To to denote the 
identity map on X\. Define Tj : Xi — > Xj+i by r, = 7Tj0 7Tj_i o • • • o-7To for i = 0, 1, . . . , k — 1. 
Let .M (Xi , ) denote the set of all ax t -invariant Borel probability measures on Xi, 
endowed with the weak-star topology. For / € C(X\) (the set of continuous functions 
on X\), and a = (cti, 02, . . . , a^j € M fc with a% > and a% > for i > 2, we say that 
\x € ,M(Xi, crx x ) is an a-weighted equilibrium state of f for the factor maps 7Tj 7 s, or simply, 
a-weighted equilibrium state of f if 

k / k \ 

(1.1) /i(/) + V aih -1 (a Xi ) = sup r?(/) + V (hh -1 (a Xi ) , 

where //(/) = JV / d/x, fi o r 4 _j denotes the measure on Xi given by \i o r f _j (5) = 
\x(T^\(By) for any Borel set C Xj, h ~\ (o~x^) denotes the measure theoretic entropy 
of [iot^\. The right hand side of (II. ip is called the a-weighted topological pressure of f and 
is denoted by P a (ax 1 , /)• The existence of at least one a-weighted equilibrium measure 
follows from the upper semi-continuity of the entropy functions hr\(axi)- I n this paper 
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we want to give conditions on / and X^s to guarantee a unique a- weighted equilibrium 
state. The question seems quite fundamental in ergodic theory and symbolic dynamics. 

We say that X\ satisfies weak specification if there exists p G N such that, for any two 
words I and J that are legal in X± (i.e., may be extended to sequences in X±), there is a 
word K of length not exceeding p such that the word IK J is legal in X%. Similarly, say 
that X\ satisfies specification if there exists p G N such that, for any two words / and J 
that are legal in X\, there is a word K of length p such that the word IK J is legal in X\. 
For more details about the definitions, see Sect. [2j 

For / G Cpfi) and n > 1 let 

n-l 

(1.2) Sn/(z) = ^/(<4s), xe4 

i=0 

Let V a (ctx 1 ) denote the set of / G C(-Xi) such that there exists c > such that 

(1.3) \S n f(x) — S n f(y)\ < c whenever Xj = j/, for all < i < n. 

Endow Xi with the usual metric (see Sect. [2]). Clearly V(<7xi) contains all Holder contin- 
uous functions on X\. The main result of the paper is the following. 

Theorem 1.1. Assume that X\ satisfies weak specification. Then for any f G V(o~Xi) 
and a = (oi, 02, . . . , Ofe) G M fc mt/i ai > and > /or i >2, f has a unique a.-weighted 
equilibrium state fi. The measure \x is ergodic and, there exist p G N and c > such that 
p 

liminfy^uUncr-^YS)) > cu(A)n(B), V Sore/ sete i,5C Xi. 

n— »oo ^ — ' 1 

i=0 

Furthermore, if X\ satisfies specification, then there exists c > such that 
liminf/i(^no-^ n (5)) > c(j,(A)fj,(B), V Sore/ sets A,B QX 1 . 

When a = (1,0, ... ,0) and X\ satisfies specification, Theorem 11.11 reduces to Bowen's 
theory about the uniqueness of classical equilibrium states for the subshift case [5] . Taking 
/ = in Theorem 11.11 yields, whenever X\ satisfies weak specification, there is a unique 
ax 1 -invariant measure \x which maximizes the a-weighted entropy J2i=i a ih uo -1 (°~x z )- 
Since each irreducible subshift of finite type satisfies weak specification (cf. Sect. [2]), this 
solves the following open question raised by Gatzouras and Peres (see [HI Problem 3]): 

let 7r : X — > Y be a factor map between subshifts X and Y , where X is an irreducible 
subshift of finite type. let a > 0. Is there a unique invariant measure maximizing the 
weighted entropy h fM (ax) + cth^ 01T -i (ay) ? 

The above question is closely related to dimension theory of non-conformal dynamical 

systems. Let T be the endmorphism on the /c-dimensional torus T k = M. k /Z k represented 
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by an integral diagonal matrix 

A = diag(mi,m 2 , . . .,m k ), 
where 2 < mi < . . . < m k . Let A denote the Cartesian product 

k 

Y[{0,l,...,mi-1} 

i=i 

and let R : A N — > T fc be the canonical coding map given by 

oo 

R(x) = A- n Xi, x = ( Xi )°Zi e -4 N 

n=l 

For any T> C A, the set i?(2? N ) is called a self-affine Sierpinski sponge. Whenever k = 2, 
McMullen [22] and Bedford [5j determined the explicit value of the Hausdorff dimension 
of i?(X> ), and showed that there exists a Bernoulli product measure fi on £> N such that 
dim// ^ o = dim// Kenyon and Peres [T7] extended this result to the general 

case k > 2, and moreover, they proved for each compact T-invariant set K Q T k , there 
is an ergodic cr-invariant /x on .A N so that //(-R _1 (.fr)) = 1 and dim// /i o = dim// ET. 
Furthermore, Kenyon and Peres [T7] proved the uniqueness of fj, G .M(£> N ,cr) satisfying 
dim// ^ o = dim// by setting up the following formula for any ergodic n G 
M(A n ,a): 

1 k ~ X { I 1 \ 
(1.4) dim/^oiT 1 = h v (o-)+J2( ; : V" 1 ^)' 

where Tj denotes the one-block map from „4 N to Af , with A% = llj=i{0' I, ■ ■ ■ ,mj — 1}, so 
that each element in A (viewed as a fc-dimensional vector) is projected into to its first (k—i) 
coordinates; and o~i denotes the left shift on Af. Formula (II. 4p is an analogue of that for 
the Hausdorff dimension of C 1+a hyperbolic measures along unstable (respectively, stable) 
manifold established by Ledrappier and Young [21j . As Gatzouras and Peres pointed out 
in p3], the uniqueness has not been known for more general invariant subsets K, even 
if K = R(X), where X C A^ is a general irreducible subshift of finite type. However, 
as a direct application of ()1.4[) and Theorem 11.11 we have the following rather complete 
answer. 

Theorem 1.2. Let X C „4 N be a subshift satisfying weak specification. Then there is a 
unique G M(X, ax) such that dim// fi o R^ 1 = dim// R{X). 

Before this work, the problem of Gatzouras and Peres had been studied and partially 
answered in the recent decade by different authors. Assume that it is a factor map be- 
tween subshifts X and Y, where X is an irreducible subshift of finite type. Recall that a 
compensation function for tt is a continuous function F : X — > R such that 

sup {y((j>) + h u (a Y )) = sup (fi(<f> o ir + F) + h^ax)) 

v&M(Y,a Y ) ^£M(X,a x ) 
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for all € C(Y). Compensation functions were introduced in [7] and studied systemat- 
ically in |32| . Shin [29] showed that if there exists a compensation function of the form 
/ o 7r, with / € C(Y), and if ^r^/ ° vr has a unique equilibrium state, then there is a 
unique measure fj, maximizing the weighted entropy h^(ax) + cth^-i (cry). However, 
there exist factor maps between irreducible subshifts of finite type for which there are no 
such compensation functions [30j . Later, Petersen, Quas and Shin [26J proved that for 
each ergodic measure v on Y, the number of ergodic measures \x of maximal entropy in 
the fibre 7r _1 {^} is uniformly bounded; in particular, if 7r is a one-block map and there 
is a symbol b in the alphabet of Y such that the pre-image of b is a singleton (in this 
case, 7r : X — > Y is said to have a singleton clump), then there is a unique measures // of 
maximal entropy in the fibre 7r _1 {^} for each ergodic measure v on Y . Recently, Yayama 
|33|, [33] showed the uniqueness of measures of maximal weighted entropy if tt : X — > Y 
has a singleton clump. The uniqueness is further proved by Olivier [23] and Yayama [34] 
under an assumption that the projection of the "Parry measure" on X has certain Gibbs 
property (however the assumption only fulfils in some special cases). 

The notions of weighted topological pressure and weighted equilibrium state were re- 
cently introduced by Barral and the author in [T], motivated from the study of the mul- 
tifractal analysis on self-affine sponges \18 \ \24\ [2[ [3]. It was shown in [I] that, whenever 
7Tj : Xi —* Xi + \ (i = 1, . . . , k — 1) are one-block factor maps between one-sided full shifts 
(Xi, (TXi), each / 6 V{ax 1 ) has a unique a- weighted equilibrium state, which is Gibbs and 
mixing. The result had an interesting application in the multifractal analysis pp. However, 
the approach given in pQ depends upon the simple fibre structure for the full shift case, 
and it does not work for the general case in Theorem ll.il 

The main ingredient in our proof of Theorem ll.ll is to show the uniqueness of equilibrium 
states and conditional equilibrium states for certain sub-additive potentials, rather than 
for the classical additive potentials (or almost additive potentials). A crucial step is to 
prove, for certain functions / defined on A* (the set of finite words over A), there exists 
an ergodic invariant measures [i on the full shift space A N and c > 0, so that //(I) > c/(J) 
for I & A* (see Proposition I4.3[) . 

The paper is organized as follows: In Sect. El we introduce some basic notation and 
definitions about subshifts. In Sect. (3[ we present and prove some variational principles 
about certain sub-additive potentials. In Sect.Sl we prove Proposition 14.31 In Sect.0 we 
prove the uniqueness of equilibrium states for certain sub-additive potentials. In Sect. (6[ 
we prove the uniqueness of weighted equilibrium states for certain sub-additive potentials 
in the case k = 2. The extension to the general case k > 2 is given in Sect. [TJ together 
with the proof of Theorem 11.11 
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2. Preliminaries about subshifts 



In this section, we introduce some basic notation and definitions about subshifts. The 
reader is referred to [13J for the background and more details. 

2.1. One-sided subshifts over finite alphabets. Let A be a finite set of symbols which 
we will call the alphabet. Let 

oo 

A* = (J A k 

k=0 

denote the set of all finite words with letters from A, including the empty word e. Let 

A n = {(a?i)~i : Xi G A for % > 1} 

denote the collection of infinite sequences with entries from A. Then _4 N is a compact 
metric space endowed with the metric 

d(x,y) = 2-- f { fc -^>, x = ( Xl )? =1 , y = (y^v 

For any n G N and / G A n , we write 

(2.1) [I] = {(x,)™, e A N : Xl ...x n = I} 

and call it an n-th cylinder set in A^. 

In this paper, a topological dynamical system is a continuous self map of a compact 
metrizable space. The shift transformation a : *4 N — » »4 N is defined by (ax)i = Xi+\ 
for all i G N. The pair (*4 N ,cr) forms a topological dynamical system which is called the 
one-sided full shift over A. 

If X is a compact c-invariant subset of _4 N , that is, cr(X) C X, then the topologi- 
cal dynamical system (X, a) is called a one-sided subshift over A, or simply, a subshift. 
Sometimes, we denote a subshift (X, cr) by X, or (A", <tx). 

A subshift X over .4 is called a subshift of finite type if, there exists a matrix yl = 
P)) a ,/3eA with entries or 1 such that 

X = {(xi)^! G .4 N : A(xi,x i+1 ) = 1 for all i G n| . 

If ^4 is irreducible (in the sense that, for any a,f3 G .4, there exists n > such that 
A n (a,P) > 0), X is called an irreducible subshift of finite type. Moreover if A is primitive 
(in the sense that, there exists n > such that A n (a, (3) > for all a, [3 £ A), X is called 
a mixing subshift of finite type. 

The language C{X) of a subshift X is the set of all finite words (including the empty 
word e) that occur as consecutive strings x%. . .x n in the sequences x = (xj)^ 1 which 
comprise X. That is, 

£(X) = {/ G ^4* : J = x x . . . x n for some x = (si)^j G X and n > 1} U {e}. 

5 



Denote |/| the length of a word /. For n > 0, denote 

C n (X) ={Ie C(X) : |/[ = n}. 

Let p € N. A subshift X is said to satisfy p- specification if for any I, J £ £(X), there 
exists K € C P {X) such that IK J € £(X). We say that X satisfies specification if it 
satisfies p-specification for some p£N. Similarly, X is said to satisfy weak p- specification 
if for any I,J e C(X), there exists K <E \J i=Q Ci(X) such that ^ J G £(X); and X is 
said to satisfy weak specification if it satisfies weak p-specification for some p € N. It is 
easy to see that an irreducible subshift of finite type satisfies weak specification, whilst a 
mixing subshift of finite type satisfies specification. 

Let (X, ax) and (Y, ay) be two subshifts over finite alphabets A and A', respectively. 
We say that Y is a factor of X if, there is a continuous surjective map ir : X — > Y such 
that irT = Sit. Here tt is called a factor map. Furthermore tt is called a 1-block map if 
there exists a map 7r : *4 — > A' such that 

n(x) = (7r(xi))~i . * = e 

It is well known (see, e.g. [131 Proposition 1.5.12]) that each factor map it : X — > Y 
between two subshifts X and Y, will become a 1-block factor map if we enlarge the 
alphabet A and recode X through a so-called higher block representation of X. Whenever 
7r : X — > Y is 1-block, we write 7rJ = 7r(xi) . . . 7r(x n ) for J = x\ . . . x n E C n (X); clearly 

TT/ G £ n (Y). 

2.2. Two-sided subshifts over finite alphabets. For a finite alphabet A, let 

= {x = (xi)i e %, : Xi £ A for all i G Z} 

denote the collection of all bi-infinite sequence of symbols from A. Similarly, A z is a 
compact metric space endowed with the metric 

d{x,y) = 2-^1*1'**^*}, x = (xOiez, 2/ = (l/i) ie z. 

The shift map a : — > is defined by (ax)i = Xi + i for x = {xi)i<z.%. The topological 
dynamical system (A z , a) is called the two-sided full shift over A. 

If X C A 1, is compact and o~(X) = X, the topological dynamical system (X, a) is called 
a two-sided subshift over A. 

The definitions of C(X), (weak) specification and factor maps for two-sided subshifts 
can be given in a way similar to the one-sided case. 
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2.3. Some notation. For two families of real numbers {a«}igx an d {Align, we write 

dj « bi if there is c > such that -bi < < cbi for i E Z; 

ai ^ 6j if there is c > such that aj > cbi for i € X; 

Oj =^ 6j if there is c > such that aj < c6j for i Gl; 

&i = h + 0(1) if there is c > such that |oj — bi\ < c for i £l; 

ii>bi + 0(1) if there is c > such that ai — bi > — c for i £l; 

o-i < bi + 0(1) if there is c > such that ai — bi < c for i £l. 

3. Variational principles for sub-additive potentials 

In this section we present and prove some variational principles for certain sub-additive 
potentials. This is the starting point in our work. 

First we give some notation and definitions. Let (X, ax) be a one-side subshift over 
a finite alphabet A. We use M(X) to denote the set of all Borel probability measures 
on X. Endow A4(X) with the weak-star topology. Let M(X,a x ) denote the set of all 
<7x-invariant Borel probability measures on X. The sets A4(X) and A4(X, ax) are non- 
empty, convex and compact (cf. |31j). For convenience, for [i G A4(X) and / € £(X), we 
would like to write 

/*(/) :=#]nl), 
where [i] denotes the n-th cylinder in A N defined as in (12. ip . 

For G M.(X, ax), the measure theoretic entropy of /i with respect to ax is defined as 

(3.1) h^ax) := - lim - V /x(/) log //(/). 

The above limit exists since the sequence (a n )J^ =1 , where 

a n = - ^ log /i(J), 

/e£„(x) 

satisfies a n+m < a n + a m for n, m € N. It follows 

(3.2) h,(a x ) = m(J- £ M (I)log M (I). 

/I. 1^1 / v 

iec n (x) 

The function fi i— > h^(ax) is affine and upper semi-continuous on -M(X, ox) (cf. [31]). 

A sequence $ = (log c^^L-l of functions on a subshift X is called a sub-additive potential 
on X, if each cj) n is a non- negative continuous function on X and there exists c > such 
that 

(3.3) (j) n+m (x) < c(p n (x)(j) m (a x x), Viel, n,m € N. 

For convenience, we denote by C sa (X, ax) the collection of sub-additive potentials on X. 
For $ = (log <j> n )™ =l e C sa (X, a x ), define : M(X, a x ) -> R U {-oo} by 

(3.4) $*(a*)= lim - / log0„(x)ci/j(x). 

n— »oo n _/ 
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The limit in (|3,4|) exists by the sub-additivity of log <j> n . 

Remark 3.1. One observes that for / G C(X), if $ = (log n )^=i is given by <j> n (x) = 
exp(S' n /(x)), then $ G C sa (X,a x ) and = for each /u G .M(X, ox)- 

By the sub-additivity (|3,3p . we have the following simple lemma (cf. Proposition 3.1 in 

Lemma 3.2. (i) is affine and upper semi- continuous on A4(X,o~x)- 

(ii) There is a constant C G R sitc/i i/iai J log cj) n (x)dfi(x) > — C /or n G N 

and // G A^(X, <7x)- 

Definition 3.3. For $ G C sa (X, o~x), G .M(AT, o~x) is called an equilibrium state of & if 

+ K( a x) = sup{$*(r?) + h v {a x ) : rj E M(X, o*)}. 
Let 2T($) denote the collection of all equilibrium states of <F 

A function (ft : £(^0 — > [0, oo) is said to be sub-multiplicative if, <f)(s) = 1 and there 
exists a constant c > such that 4>{IJ) < c<p(I)(j)(J) for any /J G £(A). Furthermore, 
say $ = (log G C sa (X,a x ) is generated by if 

0„(a;) = ^(sc 1 ...x n ), x = (i j )" 1 6l 

Proposition 3.4. Assume that & = (log </>n)^Li £ C sa (X, o"x) is generated by a sub- 
multiplicative function <f> : C(X) — > [0,oo). Then 

(i) sup{$*(/i) + h^(ox) ■ [i G M(X, a x )} = lim n ^oo ± logu n , where u n is given by 

u n = ^ 4>{I). 
iec n (x) 

(ii) Z(<£) is a non-empty compact convex of A4(X, ax)- Furthermore each extreme 
point o/Z(<I>) is an ergodic measure. 

We remark that Proposition I3.4f i) is a special case of Theorem 1.1 in [8] on the 
variational principle for sub-additive potentials. Proposition I3.4l fii) actually holds for 
any <& G C sa (X, ax), by the affinity and upper semi-continuity of $*(•) and h.{ox) on 
M.{X, ox) (see the proof of Proposition I3,6f ii) for details). 

Now let (X, ax) and (Y,oy) be one-sided subshifts over A, A', respectively. Assume 
that Y is a factor of X with a 1-block factor map ir : X — ► y. 

Definition 3.5. For ^ G .M(y, cry), /U G 7W(X, o"x) is called a conditional equilibrium 
state of uiii/i respect to v if, // o 7r _1 = f and 

+ M cr *) = sup{$*(7/) +^(o"x) : « G .M(X,o- x ), 77 o vr" 1 = v}. 
Let 2T^(^) denote the collection of all equilibrium states of 3> with respect to v. 
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The following result is a relativized version of Proposition 13.41 



Proposition 3.6. Let $ = (log<^„)^L 1 G C sa (X, ax) be generated by a sub-multiplicative 
function <p : C(X) — > [0, oo). Let v G A4(Y,ay)- Then 

(i) sup{<3?*(^i) + hfj,(ax) - K(a Y ) : £i G .M(X, ax), H ° tt^ 1 = u} = ^*(u), where 
^ = (log^ n )^L 1 G C sa (Y, cry) is generated by a sub-multiplicative function tp : 
£(Y) — ► [0, oo), which satisfies 

(3.5) ^(j)= ^ </»(/), Je£(y). 

IeC(X): tt/=J 

(ii) X„(<]?) «s a non-empty compact convex of M.{X, ax)- Furthermore, if v is ergodic, 
then each extreme point ofI u (&) is an ergodic measure on X. 

We remark that Proposition 13.41 can be obtained from Proposition 13.61 by considering 
the special case that Y is a singleton (correspondingly, A' consists of one symbol). 

To prove Proposition 13.61 we need the following lemmas. 

Lemma 3.7 ([6], p. 34). Suppose < p%,...,p m < 1, s = pi + • ■ ■ + p m < 1 and 
ai, . . . ,a m > 0. Then 

m 

^Pi(logai - logpj) < slog(cti H h a m ) - slogs. 

i=l 

Lemma 3.8 ([8], Lemma 2.3). Lei $ = (log(j) n )^ =1 G C sa (X, cr^)- Suppose (rj n )^ =1 is a 
sequence in A4(X). We form the new sequence (fi n )^ =1 by fi n = ^ J27=o Vn ®^ ■ Assume 
that fi ni converges to ^ in A4(X) for some subsequence (ni) of natural numbers. Then 
/j, G A4(X, ax), and moreover 

limsup— / \og(j) ni (x) dr] ni (x) < $*(/i). 

Lemma 3.9 ([8], Lemma 2.4). Denote k = if A. Then for any £ G Ai(X), and positive 
integers n,£ with n > 2£, we have 

i amogai)>] E un^gun-^ogk, 

iec n {X) iec e {X) 
where £ n = ± Y%=o £ o a"*. 
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Proof of Proposition \3.6\ Fix v G M(Y,ay)- For any \x G o"x) with // o 7r 1 = u, 

and n € N, we have 

2 log 0(1) — log fj,(I) 

/g£„(X) 

= E E M«log<Ml)-M(I)log/i(I) 

Je£„(y)/e£„(x): tt/=j 

< v(J)\ogil)(J) - i/( J) log i/( J) (by Lemma E2D- 

Je£„(Y) 

Dividing both sides by n and letting n — > oo, we obtain 

Thus to complete the proof of (i), it suffices to show that there exists [i with \i o -zr -1 = v, 
such that <&*((i) + h^(ox) — h u (ay) > ^*(f)- For this purpose, construct a sequence 
(Vn)n=l in ■W(I) such that 

where we take the convention § = 0. Clearly, r/ n o 7r _1 (J) = ^(J) for all J G C n {Y). Set 
= \ ^aZq Vn ° Cx*- Assume that ^x ni converges to /x in A4(X) for some subsequence 
(rii) of natural numbers. By Lemma 13.81 fi G A4(X, ax) and 

If 1 - 

(3.6) ^>*(/i) > limsup— / log^ nj (x) (ir/ ni (x) = limsup— ^ rj ni {I) log (f)(1). 

We first show that fi o 7r _1 = v. Let J G C(Y). Denote I = \J\. For n > I and 
< i < n — £, we have 

Vn ° <7x* ° 7r_1 (^) = Vn° 7T _1 ° (^) 

= ^ r| n o7r _1 (JiJJ 2 ) 

Ji€A(F), J 2 eCn-i-*(y): JiJJ 2 e£n(y) 

u(J x JJ 2 )=iy(J). 

JieA(y), J2e£„_i-^(y): JiJJ 2 e£„(Y) 

It follows that ^ n o 7r _1 (J) = ^ Yl7=o Vn ° °~x % ° 7r_1 ('^) — * as n — > oo . Therefore 

/u o 7r _1 (J) = v(J). Since J G jC(V) is arbitrary, we have /u o 7r _1 = za 

We next show that 

(3.7) + h„{a x )-h v (a Y ) > 
Fix £ G N. By Lemma 13.91 we have for n > 2£, 

^ E ^W^^W ^ 7 E Vn{I)\ogV>n{I) ~ — logk, 
n iec„(x) Ie£ e (X) 
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where k := if A. Since fj, n . — > fi as i — > oo, we obtain 

liminf— V ?? ni ( I) log ?7 ni ( J) > - V //(/) log 
t^oo re,- * — * t * — * 

Taking £ — > oo yields 

(3.8) liminf— V */„«(/) log %i (J) > 

Observe that 



E *miog«m = £ >>«<'> ' o e ! ^7^ 



Vn(I) log rj n (I) 

lec n (x) 

+ £ ^(^)(log^(J)-log^(J)). 

Je£„(y) 

This together with (|3.8p yields 

liminf— V J7 n .(7) log </>(!) > -h^ax) + ^*(y) + K{a Y ). 
i— >oo rii L — 4 

iec ni (x) 

Applying (j3.6h . we have 3>*(/^) > —hp{ax) + ^*(y) + h u (ay)- This proves (13. 7D , Hence 
the proof of (i) is complete. 

Now we show (ii). By the above proof, we see that 1 V {^) ^ 0. The convexity of 
X;,(<1>) follows directly from the affinity of <£*(•) and h.(ax) on A4(X, ax)- Furthermore, 
the compactness of 2j,(<&) follows from the upper semi-continuity of and h.(ax) on 
A4(X,ax)- Next, assume that v is ergodic and let /i be an extreme point of I v (§). We 
are going to show that [x is ergodic. Assume it is not true, that is, there exist Hi, ^2 £ 
A4(X,ax) with fi\ 7^ /i2, and qi,«2 6 (0, 1) with a\ + 0:2 = 1, such that ^ = Yli=i Q^M*- 
Then v = fi o n^ 1 = Ya=i ^i^i tt -1 - Since //j o 7r _1 G .M(Y, cry) for i = 1,2 and ^ is 
ergodic, we have [i\ o 7r _1 = /i2 7r _1 = Note that 

2 

#*0) = $*(/i) +/j At (cr x ) - ^(cry) =^ai($*(^i) + /i w (crx) - M°v)) 

1=1 

and <3?*(^i) + h tH (ax) — h u (ay) < by (i). Hence we have 

$*Oi) + ^(o-x) - Mo-y) = **M> » = 1,2. 

That is, fii G 2i/(3>) for z = 1,2. However fi = XlLi "'ft' ^ contradicts the assumption 
that fi is an extreme point of X l/ ($). This finishes the proof of the proposition. □ 

Definition 3.10. Let a = (ai,a 2 ) G M 2 with ai > and a 2 > 0. For $ G C sa ( A", ax ) , 

/U G A4(X,ax) is called an a-weighted equilibrium state of /or the factor map it, or 
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simply, a-weighted equilibrium state o/$, if 
+ aihjax) + a 2 h -i (cry) 

(3.9) 

= sup{$*(r/) + aih v (a x ) + a 2 h 710n -i(a Y ) : T) G M(X,a x )}- 

We use T(<I>, a) to denote the collection of all a-weighted equilibrium states of <!>. The 
value in the right hand side of (|3.9|) is called the a-weighted topological pressure of <1> and 
is denoted by P a (ax,<&)- Each fi G X($>,a) is called an a-weighted equilibrium state of <£. 

As a corollary of Propositions 13.41 and 13.61 we have 

Corollary 3.11. Let $ = (log0 n )^ ( L 1 G C sa (X, ax) fre generated by a sub-multiplicative 
function <p : C(X) -» [0,oo). Z>e/ine 0( 2 ) : £(Y) -» [0, oo) 6y 

4> (2) U) = ( £ ^) fll /orJe£ n (F),neN. 

/€£n(X): tt/=J 

iei <£> (2) = (log-0n)^Li e C sa (r,cry) be generated by cp^ . Then 

(i) fj. G X(*,a) i/ and only if p o vr" 1 G and fx G Z^-i^*), where 

^d>( 2 ) := (log(^ /(ai+aa) ))«i and £d> := (log(^ /oi ))« r- 

(ii) Furthermore, 2(<&, a) is a non-empty compact convex set, and each extreme point 
o/X(<3?,a) is ergodic. 

(hi) Z(<I>,a) is a singleton if and only ifZ( ai + a $( 2 )) is a singleton {i/} and, Z"„(^-<J>) 
contains a unique ergodic measure. 

Proof. Note that for /i G .M(X, crx), 

$*(/-0 +ai^(ox) +02^o7r- 1 (°v) 

= $*(//) +ai(/i M (crx) - V" 1 ^)) + ( ai + a 2) /l ^- 1 ( fT ^)- 
By Proposition 13.61 

sup {$*(«) + ai(^(ax) - h von -i(a Y )) : ?? G .A/f(X,ox), r? o 7r _1 =p 7r -1 } 
= $i 2) (^o^- 1 ). 



Hence /i G X($, a) if and only if that (i) 



$*(//) + ai(Mox) - /iuo^-i(^y)) = ^l 2) (/i 07r X ); 



and (ii) 



$! 2 Vovr x ) + (oi + a 2 )^-i (o"y) = sup (V 2 >(i/) + (oi + a 2 )h v {o Yi 

veM(Y,<j Y ) v 

That is, /i G X($,a) if and only if a G X M07r -i and /ioi" 1 G J(^j^$( 2 )). This 
proves (i) . The proof of (ii) is essentially identical to that of Proposition I3.4t n) . Part (hi) 
follows from (i) and (ii). □ 
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Remark 3.12. Proposition 13.61 was proved in [T] in the special case that it : X — > Y is 
a one-block factor map between full shifts. Independently, Proposition 13.61 and Corollary 
13.111 were set up in [M] for the special case that <f> = 1 and X is an irreducible subshift of 
finite type, by a direct combination of [201 Theorem 2.1] and |271 Corollary]. 

4. Ergodic invariant measures associated with certain functions on A* 

Let A be a finite alphabet and let A* = U^Lo •^ n - We define two collections of functions 
over A*. 

Definition 4.1. Let p G N. Define tt w (A*,p) to be the collection of functions f : A* — > 
[0, 1] suc/i i/iat f/iere exists c > so that 

(HI) E/eA" = 1 /° r an v n ^ °- 

(H2) For any I, J G .A*, t/iere exists A" G Uf =0 ^ suc/i tfwrf /(I#J) > c/(J)/(J). 
(H3) For eac/i / G «4*, £/iere exist i,j G .4 such that 

f(il)>cf(l), f(Ij)>cf(I). 

Definition 4.2. Let p G N. Let Q(A*,p) denote the collection of functions g : A* — > [0, 1] 
such that there exists c > so that 

( Al ) J2ieA n 9(1) = 1 for any n>0. 

(A2) For any I, J G A*, there exists K G A p such that g(LKJ) > cg(I)g(J). 

For / G U n(A*,p), define a map /* : A* -> [0, do) by 

(4.1) /*(/) = sup / m ,„(/), / G X, 

m,n>0 

where / m , n (I) := E/ lG .4 m E/ 2 e^ n /( J i JJ 2)- Clearly, /(J) = / ,o(-0 < /*(-?) < 1 for any 
/ G .4*. 

The main result in this section is the following proposition, which plays a key role in 
our proof of Theorem 11.21 

Proposition 4.3. Let f G Q w (A*,p) Uft(A*,p) and f* be defined as in (14.1j) . Let {r] n )^ =1 
be a sequence of Borel probability measures on A^ satisfying 

r, n (I) =/(/), VIeA n . 

We form the new sequence (fi n )™ =1 by fi n = ^ Ym=q ° °"~ n - Assume that /j, ni converges 
to fi for some subsequence (nj) of natural numbers. Then fj, G A4(*4 N ,o~) and it satisfies 
the following properties: 

(i) There is a constant C\ > such that Ci/*(J) < n(I) < /*(/) for all L G ,4*. 
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(ii) There is a constant C 2 > such that 

p 

liminfV /i^nff-^B)) > C 2f x(A)fx(B) 

i=0 

for any Borel sets A,B C „4 N . 

(iii) /x is ergodic. 

(iv) /x is i/ie unique ergodic measure on A N such that fx(I) > 63/(1) for all I G .A* and 
some constant C3 > 0. 

( v ) n ^"=0^ % converges to fx, as n — > 00. 

Furthermore if f G 0(«4*,p) ; we Ziaue 

(vi) There is a constant C4 > swc/i i/iai 

liminf^(Ano-" n (S)) > C±fi(A)fx(B) 

n— >oo 

/or any Borel sets A, B C „4 N . 

To prove the above proposition, we need several lemmas. 

Lemma 4.4. Lei / € r^A*,]?) U f2(.4*,p). T/ien i/iere is a constant C > 0, which 
depends on f , such that 

(i) fm',n'(I) > Cf m , n (I) for any I <E A* , m! >m+p and n' >n+p. 

(ii) For eaca / G .A*, i/iere exists an integer N = N(I) such that 

fm,n(I)>(C/2)f*(I), Vm,n>iV. 

Proof. To show (i), we first assume / G fi^A*,/?). Let c be the constant associated with 
/ in Definition 14.11 Fix / G A* and m, n, m', n' 6 N U {0} such that m' > m + p and 
n' >n + p. By (H2), for given h G A m , I 2 G I 3 G A m '~ m ~ p and J 4 G A n '- n - p , there 
exist K 1 ,K 2 e Uf =0 A' so that 

fihKJJhKzh) > c 2 f{h)f{hll 2 )f{h). 

Furthermore by (H3) , there exist Kz,K<± G (Jf =0 A* so that | K \ \ + 1 K 3 | = p, \K 2 \ + \K± | = p 
and 

(4.2) f{KzhK x hII 2 K 2 hK A ) > c^fihKJJh^h) > c 2p+2 f(I 3 )f(hII 2 )f(h). 

Summing over I x G A m , I 2 G A n , I 3 G A m '- m ' p and J 4 G A n '~ n - p , and using (HI), we 
obtain 

where M denotes the number of different tuples (Ji, J 2 , J3, J4) G (A*) 4 with |Ji| + |J3| = p 
and I J2I + I J4I = p. 
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Now assume / G tl(A*,p). Instead of ([UD , by (A2), we can find K 1 ,K 2 G >4 P such 
that 

/(hKihlhKzh) > c 2 f(h)f(hll 2 )f(h). 
Summing over I±, I 2 , 13, 1 a yields 

/m',n' CO — ^ /m,n(-0" 
This proves (i) by taking C = min{c 2 , ^c 2p+2 } = -^c 2p+2 . 

To show (ii), note that /*(/) = sup m ra>0 f m ,n(I)- Hence we can pick mo, no such that 
fm ,n (I) > /*(^)/2- Let iV = mo + n + p. Then by (i), for any m,n> N, we have 

/ m ,n(/)>c/ mo , no (/)>^r(/). 

This finishes the proof of prove the lemma. □ 

Lemma 4.5. Let f G Q w (A*,p) L){l(A*,p). Then there exists a constant C > such that 
for any I,J £ A* , there exists an integer N = N(I, J) such that 
v 

£ Yl f(IKJ)>CT(I)f*(J), Vn>N. 
i=0 KeA n+i 

In particular, if f G fi(.4*,p) ; then the above inequality can be strengthened as 

2 /* (/KJ) > C'f*(I)f*(J), V n > N. 

K&A n 

Proof. First assume / G £l w (A* ,p). Let C be the constant associated with / in Lemma 
14.41 Fix I, J £ A*. By Lemma [4.4f ii). there exists k G N such that for mi, m 2 , 1713, m.4 > fc, 

/ mil m 2 (I) > -/*(/), U,mAJ) > f /V)- 
Take N = 2k. Let n> N. Then we have 

/*,*-*(/) > y /*(/), /*,*(•/) > §/*(./)• 

By (H2), for any /1 G *4 fc , I 2 G -4 n ~ fc , J u J 2 £A k , we have 

p 

( 4 - 3 ) E E f(hIhUJiJJ 2 ) > cf(I 1 II 2 )f(J 1 JJ 2 ). 

i=0 UeA* 

Summing over Ii,I 2 ,Ji, J2 yields 

p 

E E fkA IK J)>cfk,n-k(I)fkAJ)- 
i=0 K£A n+i 

Hence, we have 
v 

Y E f*( IKJ ) z cf k , n - k (i)f k , k (j) > c(c/2) 2 r(i)r(j). 

i=0 KeA n+t 
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Next assume / € fl(A*,p). By (A2), instead of (|4.3j) . we have 
E f(hIhUJ 1 JJ 2 ) > cf(I l II 2 )f{J l JJ 2 ) 

for any I\ G A k , I 2 £ A n ~ k , J\,J 2 & A k . Summing over I\, I 2 , J\, J 2 we obtain 
E fk,k( IKJ ) > cfk,n-k(I)fkA J ) > c{C/2ff*{I)t{J). 

Hence Y,KeA»+p f*( IKJ ) > c(C/2) 2 f*(I)f*(J). This finishes the proof of the lemma. □ 

Proof of Proposition \4~1^ By [311 Theorem 6.9], p is cr-invariant. Fix / € A*. Let m = \I\. 
For n > m, we have 

n-1 



\ i=Q j=n—m+l . 

I n—m n—1 ., 

= - E hn-m-i(I) + E %° fT ^( / ) • 



j=0 j=n— m+1 

Applying Lemma l4.4f ii) to the above equality yields 

-/*(!) < liminf n n {I) < limsup/x n (I) < /*(!), 

Z n-^-oo n — >oo 

where C > is a constant independent of /. Hence 

(C/2)/*(I) < /x(7) < /*(!). 
This proves (i) by taking Ci = C/2. 
By (i) and Lemma 14.5^ we have 

liminf E ncr— X[J]))> d liminf E /*(/KJ) 

> dc'twtiJ) > dcV(/)/i(J) 

for some constant C" > and all J, J G .A*. Take C 2 = CiC". Since {[I] : I € -4*} 
generates the Borel <7-algebra of *4 N , (ii) follows from (|4.4p by a standard argument. 

As a consequence of (ii), for any Borel sets A,BQ A N with p(A) > and p(B) > 0, 
there exists n such that /i(^4 n a~ n (B)) > 0. This implies that p is ergodic (cf. [3TJ 
Theorem 1.5]). This proves (iii). 

To prove (iv), assume that rj is an ergodic measure on A N so that there exists C3 > 
such that 

v (I)>C 3 f(I), Vie A*. 

Then for any I E A* and m, n G N, 

^ = E E ^ /7 2) >^ E E ^ J i J/ 2) = csww- 
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Hence > C%f*{I) > C^p,{I). It implies that fj, is absolutely continuous with respect 
to rj. Since any two different ergodic measures on A^ are singular to each other (cf. |31| 
Theorem 6.10(iv)]), we have r/ = fi. This proves (iv). Notice that (v) follows directly from 
(i), (iii) and (iv). 

Now assume that / G Cl(A*,p). Instead of (|4.4j) , by (i) and Lemma 1431 we have 
liminf na- n ([J})) = Ciliminf V f*(IKJ) 

n—>oo n— >oo ^— ' 

KeA n 

> dc7*(/)/*(J) > dc'nWniJ) = c 2/ x(/)/x(j), 

from which (vi) follows. This finishes the proof of Proposition 14.31 □ 
5. Equilibrium states for certain sub-additive potentials 

In this section, we show the uniqueness of equilibrium states for certain sub-additive 
potentials on one-sided subshifts. 

Let (X,ax) be a subshift over a finite alphabet A. For n > 1, denote 

C n (X) = {IeA n : xn[i]^ 0}. 

Denote Cq{X) = {e}, where e denotes the empty word. Set C(X) = U£o AiPO- 

Let p G N. We use V w (X,p) denote the collection of functions <f> : C(X) — > [0, oo) such 
that 0(1) > for at least one / G £(X)\{e}, and there exist < c < 1 so that 

(1) 0(JJ) < tr^CO^) for any IJ G £(X). 

(2) For any I, J G £(X), there exists if G Uf=o^PO such that IKJ G and 
4>{IKJ) > c<j>(I)<t>(J). 

Furthermore, we use V(X,p) denote the collection of functions : C(X) — > [0, oo) such 
that 4>(I) > for at least one / G £(X)\{e}, and there exist < c < 1 so that <j) satisfies 
the above condition (1), and 

(2') For any I, J G C(X), there exists K G C P {X) such that /if J G £{X) and 
4>(IKJ) > c<j>{I)<p(J). 

Remark 5.1. (i) £>(X,p) C V w (X,p). 

(ii) T> w (X,p) 7^ if and only if X satisfies weak ^-specification. The necessity is 
obvious. For the sufficiency, if X satisfies weak p-specification, then the constant 
function <fi = 1 on C(X) is an element in V w (X,p). Similarly, T>(X,p) ^ if and 
only if X satisfies p-specification. 

Lemma 5.2. Suppose <j> G T> w (X,p). Then the following two properties hold: 

(i) There exists a constant 7 > such that for each I G C{X), there exist i,j G A 
such that 4>{U) > 7</>(-0 and 4>(Ij) > 70(1). 

17 



(ii) Let u n = Yljex <X^)- Then the limit u = lim n ^ 00 (l/n) log u n exists and u n rs 
exp(nu). 

Proof. Let <f> G T> W (X, p) with the corresponding constant c € (0, 1]. For (i), we only prove 
there exists a constant 7 > such that for each I G £(X), there exist j £ A such that 
4>(Ij) > 1 </>{!)• The other statement (there exists i G .4 so that 0(iJ) > j(p(I)) follows by 
an identical argument. Fix a word W G C(X)\{e} such that <^(W) > 0. Let I G C(X) 
so that 0(J) > 0. Then there exists K G \J p i=0 Ci(X) such that 0(1X17) > c0(I)0(W). 
Write iTVF = j[7, where j is the first letter in the word KW . Then 

4>{Ij)(j){U) > ccj)(IjU) = aj>{IKW) > c 2 (j){I)4>{W). 

Hence 4>{U) > and <j>(Ij) > c 2 (j){I)4>{W) / <j){U). Since there are only finite possible U 
(for \U\ < \W\ +p), 4>(Ij)/(j)(I) > 7 for some constat 7 > 0. 

To see (ii), we have 

U n +m = <t>{H) 

, r „ . /e£„(x), Je£ m (X): uec n+m (x) 

(5.1) 

< ^ C~ X (j)(I)(j)(J) = c~ x u n u m 

ieCn(x), Jec m (x) 

and 

p _ 

^2 u n+m+k = ^2 ^2 4>(IKJ) 

r 52 ) k=0 ieC n (X),JeC m (x) Kel% =0 Ci{xy.iKJeC{x) 

> J2 c<p{I)<p{J) 

iec n (X), Jec m (x) 

On the other hand, 

U n +1 = ^2 - 7 ^ = 7Un ' 

iec n (x) jeA-. ijec n+1 (x) iec n (x) 
and u n+ \ < c~ l u\u n by (|5.ip . Hence u n+ \ ph u n . This together with (|5.ip and (|5.2p yields 
u n+m ~ u n u m , from which (ii) follows. □ 

Note that we have introduced f2„,(,4*,£>) and f2(.A*, in Sect. HI As a direct consequence 
of Lemma 15.21 we have 



Lemma 5.3. Let <p G V w (X,p). Define f : A* -> [0, 1] fry 



(5-3) /(/) = { 



</>(J) 



ifl££ n (X), n>0, 



j/JG^*\£(X). 
T/ien / G fi w (^*,p) ; and /(/J) ^ /(!)/( J) /or /,Jei*. Moreover i/0 G V(X,p), then 
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Lemma 5.4. Let rj,fj, G Ai(X,ax)- Assume that rj is not absolutely continuous with 
respect to \i. Then 

lim \ 77 (7) log — 7](I) log 7](I) = — oo. 

n— >oo ^— ' 

/e£„pf) 

Proof. We take a slight modification of the proof of Theorem 1.22 in [6]. Since r/ is 
not absolutely continuous with respect to /i, there exists c G (0, 1) such that for any 
< e < c/2, there exists a Borel set icXso that 

r](A) > c and ^(,4) < e. 

Applying [6j Lemma 1.23], we see that for each sufficiently large n, there exists F n C C n (X) 
so that 

H{A A A n ) + n(A AA n )<e with A„ := (J [7] n X, 

which implies r/(^4 n ) > c — e > c/2 and [i{A n ) < 2e. Using Lemma l3.7[ we obtain 
log -r,(I) log r,(I) <n(A n ) log n(A n ) + sup slog(l/s) 

(5.4) ieF n 

< (c/2) log (2e) + log 2 

and 

v(i) log K 1 ) - v(i) log v(i) 

(5.5) /e£„(X)\F„ 

< r/(X\A n ) log n{X\A n ) + sup s log(l/s) < log 2. 

0<s<l 

Combining (|5.4p and (|5.5p yields 

^ r7(I) log //(/) - 7/(7) log r?(7) < (c/2) log(2e) + 2 log 2, 

from which the lemma follows. □ 
The main result in this section is the following 

Theorem 5.5. Let <ft G V w (X,p). Let $ = (log^ n )^Li G C sa (X,o~x) be generated by <ft, 
i.e. (p n (x) = 4>{x\ . . .x n ) for x = (xj)^ G X. Then has a unique equilibrium state \i. 
The measure \i is ergodic and has the following Gibbs property 

(5.6) /x(7) « « exp(-nP)0(7), 7 G £ n (X), n G N. 

where P = lim n ^ 00 ^log^je£„(x) 4>(.J)- Furthermore, we have the following estimates: 
Y, /x(i)lo g 0(J) = n^(M) + O(l), £ M(I)log/i(I) = -nVx) + 0(l). 
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Proof. Define / : A* -» [0, 1] as in (Q. By Lemma E3 / G n«,(.A*,p) and / satisfies 
/(/J) ^ /(/)/( J) for J, J G A*. Let /* : A* -» [0, oo) be defined as 

/*(/)= sup ^ ^ /(/1//2), 
n ' m -°/ 1 g^« h€A m 

Since /(/J) /(!)/( J) for I, J G A*, we have /*(!) « /(/). Hence by Proposition EES 
there exists an ergodic measure \i on _4 N such that fi(I) « /(-0, ^ G .4*. Since /(/) = 
for / € ,4*\£(X), fjL is supported on X. By Lemma [5.2f ii). Y^jec n (X) ~ exp(nP), 
hence we have 

« /(/) » exp(-nP)0(/), / G £ n (X), n G N. 

Let r\ be an ergodic equilibrium state of $. By Proposition I3.4f i). &*(j]) + h r) {ax) = P- 
By Lemma 13.21 and (|3.2p . we have 

(5.7) r,(I)log(l>(I) >n$ m (rj)+0(l), - Y r?(I) log V (I) > nh v (a x ) + O(l). 
/e£„(x) /e£n(X) 

Thus we have 

0(1) < 2 log ^ " ^ log " nP 

(5.8) /££n(X) 

= Yl (^)log^)-^)logr7(/))+0(l). 

/e£„(x) 

That is, S/edpn ^(-0 l o SM(-0 ~~ ?7(-0 log^OO — 0(1). By Lemma [5.4[ r/ is absolutely 
continuous with respect to /z. Since both /j, and 77 are ergodic, we have r] = /j (cf. [3T1 
Theorem 6.10(iv)]). This implies that /U is the unique ergodic equilibrium state of By 
Proposition I3.4f ii). \i is the unique equilibrium state of 

Since rj = fi, by (|5.8|) . we have 

^ (77(1) log </>(!) -r/(J) log r](I)J - n$*(rj) - nh v (a x ) 

= Y fa) log m - V(I) log V(I)) ~nP = 0(1). 

This together with (|5.7p yields the estimates: 

£ 77(1) log 0(1) =n*,(77)+0(l), - £ 77(J)logr/(J)=n^((7x) + 0(l). 
i&c n {X) iec n (X) 

This completes the proof of Theorem 15.51 □ 

Remark 5.6. The introduction of T> w (X,p) and T>{X,p) was inspired by the work [12) , 

Indeed, Theorem 15.51 was first setup in [12J for a class of ^ G V w (X,p), where X is an 

irreducible subshift of finite type and, (j) is given by the norm of products of non-negative 

matrices satisfying an irreducibility condition (see [121 Theorem 3.2], [1U|, Theorem 3.1]). 

Although the approach in [12] can be adapted to prove (|5.6j) under our general settings, 

we like to provide the above short proof using Proposition 14.31 Independently, Theorem 
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15.51 was set up in [33] in the special case that X is a mixing subshift of finite type, and <j) 
a certain element in T>(X,p), through an approach similar to [12J. 



In the end of this section, we give the following easy-checked, but important fact. 

Lemma 5.7. Let (X,ax)> (Y,ay) be one-sided subshifts over finite alphabets A, A', re- 
spectively. Assume that Y is a factor of X with a one-block factor map ir : X — > Y. Let 
p G N and a> 0. For <f> G V w (X,p), define 4> a : £(X) -» [0, oo) and ip : C{Y) -» [0, oo) 

<f> a (I) = (f>(I) a forl€C(X), ^(J)= J] 0(J) /or J G C(Y). 

IeC(X): nl=j 

Then <f) a G V w (X,p) and ip G V w (Y,p). Furthermore if cj) G V(X,p), then <p a G T>(X,p) 
and ip G 2?(Y,p). 

Proof. Clearly a G T> w (X,p). Here we show ^ G £> TO (Y,p). Observe that for Ji J2 G C(Y), 

= E 

hI 2 dC{X): nh=Ji, nl 2 = j 2 

< £ c- l cp{h)cp{h) 

hI 2 dC{X): 7rJi=Ji, nl 2 = j 2 

< E E C- 1 <f>(h)<f>(I 2 ) = C- 1 1>(JlMJ2). 
heC(X): tt/i=Ji heC(X): 7T/ 2 = J2 

Furthermore for any Ji, J2 G £(Y), 

J] ^(J X W 2 ) 
weULo C '( Y )- JiWJ 2 eC(Y) 

= EE E 

heC{X): wh=Ji I 2 dC{X): irl 2 =j 2 K£\J? =0 £i{X): hKI 2 eC{X) 

> E E c^(L 1 )<f ) (L 2 ) = cij(J l )ij(J 2 ). 

heC(X): wh=Ji I 2 £C{X): irl 2 = j 2 

Therefore there exists W G Uf =0 £i(Y), such that J 1 WJ 2 G C(Y), and 4>{JiWJ 2 ) > 
j^ip(Ji)^(J 2 ), where L denotes the cardinality of \J^ =0 £-i(Y) . Hence ip G V w (Y,p). A 
similar argument shows that ip G T>(Y,p) whenever eft G T>(X,p). □ 

6. Uniqueness of weighted equilibrium states: k = 2 

Assume that (X,o~x) is a one-sided subshift over a finite alphabet A. Let (Y, ay) be a 
one-sided subshift factor of X with a one-block factor map ir : X — > Y\ 

Let a = (01,02) G M 2 so that a\ > and a2 > 0. Assume that V w (X,p) ^ for 

some p G N, equivalently, X satisfies weak p-specification. Let G V w (X,p). Define 
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(f>W : £{Y) [0, oo) by 

(6.1) (j)V)(J)=( ^ <f>(I) for J € Cn(Y), n G N. 

/e£„(X): tt/=J 

Furthermore, define <j!>( 3 ) : N — > [0, oo) by 

(6.2) (3) (n) = ^ (2) (J)^^, nGN. 

The main result of this section is the following. 

Theorem 6.1. Let <f> G V w (X,p). Let <3? = (log^)^ G C sa (X,a x ) be generated by 
by (ft, i.e. 4> n (x) = 4>{x\---x n ) for x = (x«)^ 1 G X. Then has a unique a-weighted 
equilibrium state \i. Furthermore, [i is ergodic and has the following properties: 

(i) /it (I) « 0*(J) ^ 0(J) /or / G £(X), w/iere 4>,4>* : £(X) -» [0,oo) are defined by 

(6.3) R d = _^V^M^, iec n (x } ,nen 

and 

£*(!) = sup Wilh), LeC(X). 

m '™-° hdCm(X), l 2 ec n (xy. hihec(x) 

(ii) liminfn^oo £? =0 p(ifl <r^ n ~ 4 (-B)) K A )K B ) f° r Borel sets A,B CI 
(hi) VFe /iaue i/ie estimates: 

//(/) log //(/) = ^ M«log^(/) + 0(l) = -nV( -x) + 0(l), 
/eC„(X) iec n (x) 

I&C n {X) 

Moreover, if <f> G T>(X,p), then instead of (ii) we have 

(iv) limhuV^oo fi(4fl o-^ n (73)) > fi(A)n(B) for Borel sets A, B C X . 

Proof. By (|6.3p . we have 

i 

0(/) = ^j^, I&Cn(X), nGN, 

where 0(1) is given by 

0(1) = <^ 3 )(n)(^ 2 )(7rl)^~^^, J G £„(X), n G N. 
We claim that <f> and satisfy the following properties: 

( a ) E/ G £„pq <M J ) = 1 for each n e N - 

(b) For any / G if <j>(I) > then 0(7) > 0. 

(c) e{I x I 2 ) ^ 0(7 X )0(7 2 ) for 7x7 2 G C(X). 
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Property (a) follows immediately from the definition of <j>. To see (b), one observes that 
if 4>(I) > for some I E C n (X), then so are (j)^(irl) and (f)( 3 \n), hence 0(1) > 0. To see 
(c), by Lemma (p^ G T> w (Y,p) and thus 

^ 2) (Ahh)) < ^ 2) (^h)^ 2) (^h), hh € C(X). 

Furthermore by Lemma 15.21 4>^(n + m) ~ cj)^ (n)<j>^ (m) . Hence (c) follows. 

Extend 0, 4>* : A* -> [0, oo) by setting 4>(I) = 4>*(I) = for I G ,A*\£(X). By (a), (b), 
(c) and Lemma [5T2T i). we see that <f> £ O w (^4*,p). Hence by Proposition 14.31 there exists 
an ergodic measure \i G A4(A N ,a) such that 

(6.4) « ^ £(J), /G.4 N . 

Moreover, /x satisfies 
p 

(6.5) liminf Vii(An(j" n ^(S)) ^ fiU)n(B) for Borel sets i,5C „4 N 

i=0 

By (16. 4j) . /x is supported on X and /i G .M(X, cr^)- 

Let $( 2 ) = (log<^ 2) )£° =1 G C sa (Y,ov) be generated by <j>W , i.e. 

4 2) (y) = (2) (l/i •••!/«) for y = G K 

Define 4> : C(Y) -» [0, oo) by 

i>(J) = 9 ( 3 / (re) , JG£ n (F), nGN. 
By the definitions of cf> and tp, we have 

(6.6) m= 0(J) \ .^(ttJ), /€£(4 

</>(2)(7r/) a i 

Since </> (2) G D w (Y,p), by Lemma GlU (0( 2 )) 1 /(«i+<>2) e P w (Y,p). Hence by Theorem 
15.51 cn+a.2 ^ as a umc t ue equilibrium state v G .M(Y, cry) and v satisfies the properties 

(6.7) Yl HJ)hgv(J)= v(J)teg$(J)+0(l) = -nh u (a Y ) + 0(l), 
Jec n (Y) Jec n (Y) 

and 

(6.8) ^(^)log0 (2) (J) = n<5> (2) (v) + 0(l). 

Je£„(Y) 

Assume that rj is an ergodic a-equilibrium state of $. By Corollary 13.11 ( i). i] o 7r _1 = ^ 
and 77 is a conditional equilibrium state of — $ with respect to i/, that is, 

(6.9) + - K(a Y ) = -$i 2 V)- 

ai ai 
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By dEB and (|6T3|) . we have 

(6.10) (ay ) + -$l 2) (1/) = - V K^)log ^ (J) i +0(1). 

ai 0( 2 ) (J)" 

By Lemma l3,2( ii) and (13. 2p . we have 

(6.11) J2 ^log^I) >n<f>*( V ) + 0(1), - E r/(7) log 77(7) >nh v (o x ). 
iec n {X) ie£n(X) 

Combining (|6.9p . f)6. 1Q|) and (|6.1ip . we obtain 



0(1)< ^ (r/(7) log(0(/)-i)-»7(J) log 7/(7)) --^(77)-n^(ax) 



(6.12) 



^ (r?(7) log(<^(7)i )- 77(7) log r/(7)) -n/i^ax,)-^^^) 

^ (r ? (7)log(</)(7)^) -7/(7) log r/(7)) 

Jec„(X) 

+ E K^)iog^x + o(i) 

JG£n(y) 0( 2 )(7)"1 

E M log ^^-,(7)^7,(7)) +0(1) 
0( 2 )(vr7)- 7 



E (^) log </»(7)- 7/(7) log 7/(7)) +0(1) (bydESD). 



That is, 



(6.13) E log 0(7) -r?(7) log 7/(7)) > O(l). 

iec n (X) 

Combining f)6. 13|) and (|6.4p yields 

E (r/(7) log /,(7)- 7/(7) log 7/(7)) 

> E (^) log 0(7) -r/(7) log 7/(7)) +0(1) > 0(1). 

By (|6.14p and Lemma 15.41 r\ is absolutely continuous with respect to fj,. Since both /j, 
and 7/ are ergodic, we have rj = fi (cf. j31l Theorem 6.10(iv)]). This implies that fi is 
the unique ergodic a- weighted equilibrium state of By Corollary 13. 11 ( hi). \jl is the 
unique a- weighted equilibrium state of Now parts (i), (ii) of the theorem follow from 
(ED-CHI). 



To show (iii), due to rj = fj,, the left hand side of (I6.14p equals 0. Hence by (|6.14p . 

(6.15) E (^U)log0(7) -r/(7) log 7/(7)) =0(1). 

iec n (x) 
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Combining (|6.15|) and (|6.12|) yields 

(6.16) J2 fa 1 ) - "GO VW) - - nh v (a x ) = O(l). 
However (|6.16p and (|6.1ip imply 

(6.17) ]T Ti(r)]og<f>(T)=nQ m (rj)+0(l), - £ rj{I) log n(I) = nh v (a x ) + O(l). 
/e£„(X) iec n (x) 

Now part (iii) follows from (16.171) and (16.15p . To see (iv), note that whenever <ft € T>(X,p), 
we have £ 0(.A*,p), following from (a)-(c). Now (iv) follows from Proposition I4.3f vi). 
This finishes the proof of the theorem. □ 



7. Uniqueness of weighted equilibrium states: k > 2 

Let k > 2 be an integer. Assume that (X^cryJ (i = 1, ■ ■ ■ ,k) are one-sided subshifts 
over finite alphabets so that X,_|_i is a factor of Xj with a one-block factor map 7Tj : Xj — > 
X i+1 for i = 1, . . . , /c — 1. For convenience, we use ttq to denote the identity map on X\. 
Define Tj : X\ — > Xj + i by Tj = 7Tj o 7Tj_i o • • • o -zro for « = 0, 1, . . . , k — 1. 

Let a = (oi, . . . , ajt) £ M fe so that ai > and a« > for i > 1. Let <f> G 2\j(Xi,p). Set 
= and define </>W : £(Xj) — > [0, oo) (i = 2, . . . , k) recursively by 

H hoi-i 



0«)(J)=( 0(*-l)(J)«l+-+«H-l 
/e£„(Xj_i): -Ki-\l=J 

for n £ I, J £ jC„(Xi). Furthermore, define : N -> [0, oo) by 

0( fc + 1 )(n)= ^ 0( fe )(I)^+^. 
iec n {x k ) 

Let $ = (log^n)^]^ € C sa (Xi , cry i ) b e generated by 0. Say that p. £ .M(Xi,<7x-i) is an 
SL-weighted equilibrium state of & if 

k / fc \ 

+ aih -i (a Xi ) = sup $*(r/) + V Ojfc -i (o*,) . 

Let Z(<I>,a) be the collection of all a-weighted equilibrium state o/<3?. 

Let <E>( 2 ) £ C sa (X2, o~x 2 ) be generated by 4>( 2 \ By a proof essentially identical to that of 
Corollary 13.111 we have 

Lemma 7.1. (i) T($,a) is a non-empty compact convex subset of A4 (Xi , a Xl ) ■ Each 
extreme point o/X(<I?,a) is ergodic. 

(ii) /it £ a) «/ and on/y i/fi £ ^otT 1 (^*) to 9 etner w ^ tn t 1 ° t 1 " -1 € Z(<I>( 2 ), b), 
where h = (a\ + a2, 03, . . . , a/%) E 

(iii) Z(<£,a) zs a singleton if and only if T(^ 2 \ b) is a singleton {v} and, 
contains a unique ergodic measure. 
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As the high dimensional version of Theorem we have 

Theorem 7.2. Let <p G V w (Xi,p). Let = (log^> ra )^ =1 G C sa (Xi, oxj &e generated by 
<j). Then <3? /tas a unique a-weighted equilibrium state fi. Furthermore, fi is ergodic and 
has the following properties: 

(i) » 0*(I) ^ 0(1) /or I G where (j>, 4>* : £(Xi) -» [0, oo) are denned 

respectively by 

cd «d - fri fe^) . ^fff^ 

V l= l <M m ) (Til) / («) 

/or / G £„(Xi), n G N, and 

?*(!)= sup J2 4>(hlh), IeCiXi). 

m ' n - /ie£ m (X!), 7 2 e£„(Xi): /i// 2 G£(Xi) 



(ii) liminf n ^oo £f = /*(^n a x n '\B)j fc= n(A)(i(B) for Borel sets A,BQX X . 
(hi) We have the estimates: 

£ tii)to&tii)= E M^)iog0(/) + o(i) = -nV(^J + o(i), 

JeA»(Xi) /e£n(Xi) 

£ A*Wlog0(J)=n$*(At)+O(l). 

i"e£„(Xi) 

Moreover, if <j) G T>(Xi,p), then instead of (ii) we have 

(iv) liminf n ^oo /i L4 n 0-^(5)1 fc= p,(A)n(B) for Borel sets A,B C X%. 

Proof. We prove the theorem by induction on the dimension k. By Theorem 16. H Theorem 
17.21 is true when the dimension equals 2. Now assume that the theorem is true when the 
dimension equals k — 1. In the following we prove that the theorem is also true when the 
dimension equals k. 



By (|7.ip . we have 



<b(I) a i 

m = eny 1 G £n(Xl) ' n G N ' 



where 6{L) is given by 

k 

0(1) = ( n ) f[ (Ti_i/) " «>i+---+«i , /eqij), re G N. 

i=2 

By Lemma f5.7l and Lemma f5.2f ii). we have 0W G T> w (Xi,p) for i = 2, . . . ,k, and 0( fc+1 )(n+ 
m) ~ 0( fc+1 )(n)(/)^ +1 )(m). Similar to the proof of Theorem 16. 11 we can show that (f) and 6 
satisfy the following properties: 

( a ) E/eCn(Xi) ^( J ) = 1 for each n G N - 

(b) For any / G C{X{), if 0(1) > then 9(1) > 0. 
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(c) 9{I X I 2 ) ^ 6{h)e(I 2 ) for hl 2 G C(X 1 ). 

Extend 0, 0* : At -> [0, oo) by setting 0(7) = <£*(/) = for I G ^\£(Xi). By (a), (b), 
(c) and Lemma [572l f i) , we see that 4> G rt w {A\,p). Hence by Proposition 14.31 there exists 
an ergodic measure /i G A4(A^,a) such that 

(7.2) ^(/)^f(J)M(7), /G< 

Moreover, fj, satisfies 

v 

liminf V/i (An<r" n-i (£)) ^ fj,(A)u(B) for Borel sets A,S C .A?*. 

n— >oo ^ — ' 

i=0 

By (|7.2p , fj, is supported on Xi and fj, E M {X\ , ciXi ) • 

Let $( 2 ) = (log^ 2) )~ =1 G C sa (X 2 ,a X2 ) be generated by i.e. 

4 2 )(x) = ^ 2 \ Xl ■■■x n ) for x = { Xl )Zi 6 X 2 . 
Let b = (ai + a 2 , a 3 , . . . , a k ) G R k ~ l . Define ^ : C(X 2 ) -» [0, oo) by 

where £i := Id, and £j = 7Tj o • • • o tt 2 for i >2. By the definitions of </> and ip, we have 

(7.3) m= 9 1 ^ x •V'K/), /G£(JTi). 

0(2) (^J)-! 

Since <^ 2 ) G P w (X2,p), by the assumption of the induction, <1>( 2 ) has a unique b- 
weighted equilibrium state v G Ai(X 2 ,ax 2 ) an d ^ satisfies the properties 

(7.4) HJ)^gu(J)= Yl HJ)^(J) + 0(l) = -nK(ax 2 ) + 0(l), 
JeC„{x 2 ) Jec n (x 2 ) 

and 

(7.5) J2 <J)^og(t) {2 \j) = n^f\u) + 0{l). 

Jec n (x 2 ) 

Assume that r\ is an ergodic a-equilibrium state of By Lemma 17.11 r\ o ir^ 1 = u and 
■>] is a conditional equilibrium state of with respect to v , that is, 

(7.6) -Mv) + ^(crxj - K(a X2 ) = 

Using (|7.2p . (|7.3p . (|7.4p - (|7.6p . and taking a process the same as in the proof of Theorem 
16.11 we prove Theorem 17.21 when the dimension equals k. □ 
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Remark 7.3. Let <f> be defined as in (|7,ip . and let (ry n ) be a sequence in M(X) so that 
r? n (J) = <f)(I) for each / G £„(A"i). Then by Proposition I4.3f v) and the above proof, the 
measure /i in Theorem 17.21 satisfies 

^ n.— 1 

= lim - y~] r] n o cr^* . 



i=0 



Proof of Theorem We first consider the case that Xi (i = l,...,k) are one-sided 
subshifts. Recoding X^-i, X^-i, ■ ■ ■ ,Xi recursively through their higher block represen- 
tations (cf. Proposition 1.5.12 in [13]), if necessary, we may assume that 7Tj : Xj — > Aj + i 
(i = 1, . . . , k — 1) are all one-block factor maps. Recall that X\ satisfies weak specification. 
(Notice that this property is preserved by recoding via higher block representations). Let 
/ G V(o- Xl ) (see COD for the definition). Define </> : C(X X ) [0,oo) by 

(f)(1) = sup exp(S n f(x)), I G C n (Xi), n G N, 
ieXin[/] 

where S n f is defined as in (jl.2p . Since / G ^(crxj, it is direct to check that (ft G P m (A"i,p), 
where p is any integer so that X\ satisfies weak ^-specification. Let $ = (log(/) n )^L 1 G 
C sa (X\,ax 1 ) be generated by 0. Again by / G V(ax 1 ), we have <J?*(/i) = /^(/) for any 
/i € M ( Ai , o"Xi ) • It follows that [i is an a- weighted equilibrium state of / if and only if 
that, fi is an a- weighted equilibrium state of <£. Now the theorem follows from Theorem 
PI 

Next we consider the case that Xj's are two-sided subshifts over finite alphabets Ai's. 
Again we may assume that 7Tj's are one-block factor maps. Define for i = 1, . . . , k, 

X i ■= {( x j)7=i G ■ 3 (Vj)jeZ G X, such that Xj = Vj for j > l} . 

Then (X^ ,o~ x +) becomes a one-sided subshift for each i. Furthermore define Tj : Xi — > 
by (xj)j e z l— ► (^j)j'GN- Then for each 1 < i < A;, the mapping h p I\ is an 
homeomorphism from A 7 / ( Aj , erjf ; ) to M (Xf , ov+ ) which preserves the measure theoretic 

i 

entropy. Now 7Tj : Xf~ — > Xf +l becomes a one-block factor between one-sided subshifts 
for i = 1, . . . , k - 1. Let / G V(a Xl ). Define </> : C(X+) -> [0, oo) by 

</»(/)= sup exp(S n /(x)), / G £ n (A+), n G N. 

Similarly, </> G T> w (X 1 ,p) for some p G N. Let $ = (log ^n)^ G C sa (X£,a x +) be 
generated by 0. Due to / G V(a Xl ), we have 

fi(f) = ^(fioT^), f ieM(X 1 ,a Xl ). 

It follows that fi is an a-weighted equilibrium state of / if and only if that, \i o T^ 1 is an 
a- weighted equilibrium state of <I>. Thus the results of the theorem follow from Theorem 
1731 □ 
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